Episode 16

Describing Motion of Rigid Bodies Part 1

ENGNO0040: Dynamics and Vibrations
Allan Bower, Yue Qi

School of Engineering
Brown University



Topics for todays class

Describing motion of rigid bodies

1. Review of some linear algebra

2. Describing rotations (2D/3D rotation matrices)
3. Angular velocity and angular acceleration
4. Relation between rotation matrix and angular velocity (spin matrix)

5. Formulas for the relative velocity/acceleration of two points in a
rigid body

6. Proofs and derivations (optional!)



Review: some linear algebra operations
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Review: some linear algebra operations

Adding matrices:

A+B=

A+B=
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a1

—

an

. g |
Matrix products: AB=| ! a“][b”
(@ axn ||
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AB=|ay a3 a3|||bn
a3 ap a3 ||by)
Note AB=BA

Orthogonal matrix (transpose is equal to inverse):

:
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Rigicd Body: an object wikh fixeod <hape cappble of
Franslation L rotaror pe <o
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Ohrervaton
R has papecty +hat R'Z = RRT = 1 (idertty)
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6.1.2 Example: Find the rotation tensor for the rotation shown.

B BK 1
Hence, find the vector rz—ry j]A Tl J .a
21, ‘ ' .
1

Note B=- T/2
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Foomuln K = | O - bo-ta= 20 14
L\ O

=

B-fa= R (Pa~fa) = | O '-1"[2

=) _CB'-__PH-": -1 < ""2:—1-2'
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613 3D Rotations

3D rfutims can be represented as /““’3
A 0197 7‘&/?9?}7 Angre & a boyt ' Tk \Jf

an axs pamle] o Ut vector

4] (Use RH Screw) conyentron) ‘a
1 B J

Let Nz Nel + Nyt +N R

/;5 ‘-o’n cos@+ (1 —cos Q)nf. (1-cos@)nn, —sinén. (1-cosf)n,n.+sinon,,
R =| (1-cos@)n,n, +sinon. cosf@ +(1—cos 6')11%. (1-cos@)n, n. —sinon,

. . P
(1-cos@)n,n. —sin 6'11‘1. (1-cos 9)1‘5.1?__ +sin 6n, cos@+(1—-cosO)n:

- =
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Inverse relahm @ Lelt R = [Ru Ry Rur
R‘/}ﬂ Ryy 2}’2.
...;22.?‘ R'Zﬂ RZZJ

(/+Zw9)= Rer + Kyy + Rz

n=_1 g (Rzé\ 2\53)  + (Ryz- szx)O{ +(ﬁy;¢

Then

To see thu check R matny

cosf +(1—cos E—’)n_‘z. (1-cos@)nn, —sinbn. (1-cosf)nn. +sinbn,

R=|(1-cosO)nn, +sindn. cosd +(1—cos Q:IP‘]‘I;‘). @_—CBSQ]HJ.% E}’z_
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NB : ofder of rotatisn:
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6.1.4 Example: An object is subjected to two successive rotations:

(1) A 90 degree rotation about the K axis (2) A 90 degree rotation about n=(i+j)/ 2

(a) Find R for each rotation 4} k

K k
(b) Find a single rotation from the initial to final | T . T
orientation 14...-"’\; 4-:'?? 43-- J ~N i

(c) Find the axis and angle for the rotationin(b) -

fm’ﬁ'ﬁﬂ;? (‘F) [ cnsﬂ+(l—c05&)r312. (1-cosé)n,n, —sin&n. (1—:055‘}111”:+siu£»‘n_1._
_ R =| (1-cos@)nn, +sindn cos& +(1—cos {:‘}rrf. (1-cos@)n,n_ —sin On,
9 - T/z ﬂ = g h{l—cns&}n_‘n: —sinﬁnj. (i—cosﬁ)n}.n: + sin 6, cosﬁ*+(1—ms€]nf |
=> n?ﬂ - n'-/ = LQ na‘ =
C O '_; 0 B
= |R"-
I O O
lo o |
201’2&75!?1 (2) 9-’-‘7(/2, Nne (k'f'(-]:) /]2 Nx= Ny= ’/{E’ N, <0
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(c) Formulas: [+2ca0 = Rme *‘Eyy*fazz, =
= b= -% D |6=120°
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615 Anqular Veloeity and Acceleratum

ﬂrgﬁfar Ve/oa'_/y vector

W= Wil +5f{9o‘ *Nz&

Bt ]
- SRR L

Magnituote: |w | =)< 'PM;’?“M;D
Rotaten rate 1 rad/s X
Direchon N - W)Wt | ;am//e/ fo axs of oty
(RH screw  convenbon )

Angulac accokeraim
O =l voyyd +toup = oW e

O/}c,..": d_@f Xy = Cjé_(}_g O/z -'-"_0;(@-_2_&
At - At dt



Notes
(1) ﬁqga/ar veloeities adel Jike vectors (See ex & [6)

R) W, related by same calonlns
as YV, o . Example: 2D rotafin

Rofatirn Linear nistron

Const gael:  O=0, +Wst tio Lt Xtk +la L*
e = No"“x& /= V‘g"{'ﬁ&
W = Wy tAXr TAEASYY.Y

Genersl : 0= dBE ozdw/de  V=dXde o=chuat
4=V, q]_-@_- o=\ iv__
AL obx



6.1.6 Example: The propeller on the aircraft spins at 2000
rom. The aircraft travels at 200 km/hr in a turn with radius
1 km. What is the angular velocity vector of

(i) the body of the aircraft, and

(i1) the propeller?

t p

‘300’5 Q)ga% dB k LT ig \

7~ R .

Cirenlne et on V RA = dP - ._'Z :' / l“]/fﬂ

ol de E —

2db - zov . S[w, , - L k| ®

de 40 1§ — by /18 | e

proéd@/’

Spins @ 2000 rpm about & relative o body

2| L pop = W e, +zoz;c;pcz__7r§ !Jg_k ~r280'r‘i:




617 Spin tencor & W - B relation

Let W= Wxt + Wyd +UWk

~—

Defne  spin matnx -1 o -w. a,

(tenspr) Wy O ~tox (&D)
L™ w\g alx O

-

W= i@ —wz] (2D)
We O

Then : //V:p/ﬂ ;ZT Qf_@__ - WK

—

ot AL




: : J ;
6.1.8 Example: A rigid body rotates about the K axis as shown. L o
Calculate the (2D) spin tensor and use it to determine the angular —*i

velocity vector. -
K - [CcoQ S0 S di. - 5_@[-5;%9 -t I?....

smb cnb | d G -smb |

—

7
Rence W= ofR g7 - A8 (-sm O -l | [ w®  smB
e & | b -sing_

=" W: 0/_6’ O -51;12'9'-%1?'9* _ | O “049/0#_.
AC | s +a%0 &

WL O

Reeall W = [o "‘wz.] >|w=db k




61-9_Foomulss for rehtye yelsoity and accelunps
of 4o points i1 a. a4

: K |
Grven : w,x  and Ia , ag 749;— fazh%ﬁ [

o _l_/gj g 749-/ /150;37‘ B ‘
3D Formulas 4

®,0L

s
J

CV,.a

Veloeity : Y - _\/ : Wxllg-137) /N
Accel: oy -at, s o x (- FA)*&L”"C_B 12)]

Second Lﬂ:a;'l'hu 7‘!((7“
A0 Formulas

IVO?L'P; _Q\__,: N;_E_P_ A =




M. €s €,
6.1.10 Example: Point O on the disk is stationary. It spins with OL- ,/ \/
angular speed @. and angular acceleration «.. Find the B
velocity and acceleration of point B

W= wk ozocrk  Reall Rxer-26
kxto=-&

(Ois stationary)

=0
Fomulas __l(;'_?,-/f = Wek x(Mg-ro) = Wy kx Ker

> [Vo= w.R g0
=0

Or-o= otuk x ([g-Fo) ~w, (& ~10)
= 2R % RE’“ ~ Wyt RS

o = R L9 - Ruwser

Those ace Fhe cireular motion Fonmnla) !



Proof of the rigid body kinematics formulas

(1) Prove that R is orthogonal R'R =1

o
(2) Show [FRT )u =Wu = xu for any vector u

(3) Prove vp -V, =@x(rg—1Iy)

ap—ay=ax(rp —r_4)+m><[m><(r3 —rA)]



Proof that R is orthogonal

(1) Note length of AB is constant |rp —r4|=|pg —p 4 j‘[ —— 5
A

(2) Recall (rz—r )=R(pgz —py) —

1

(3) Hence |rp "'A|2 =(rg—ry) (rg—ry)=R(pg—p4)-R(pz—py) js

(4) Linear algebra formula (Aa)-(Bb)=a '(ATB)'J

(S) Hence R(ps-p.4) RP5-p.4)=Ps-p.) (R'R)(pz-p.o)
(6) Therefore, to preserve distance between A and B

s —ryf =|ps —p4l

= (Ps —P.4)'(RTR)(PB ~P)=P3-P.4)(P3-P4)

=\J: —PA)'(RTR-l)(PB -p4)=0

—R'R=1 (because u-Au=0 Yu < A =0 for a symmetric matrix)



Spin matrix - angular velocity relation

Prove [ERr]u =Wu=moxu

dt
(1) Note that W is skew, i.e. w! ——w Linear algebra formula (AB)Y =B7A7
Proof —recall R is orthogonalRRT =1 / \
T
S ReT . R® oo wawl -0
dt dt

(2) Skew matrices have property that Wa=® xu for all vectors U
To see this note

0 -o. o, | u, Wyl - — @1y,
Wu=| o 0 -—oy|luy,|=| @uy—owu. |*
|—@, @y 0 Jlu- | | @xtty —@yuy

oxu=(@u- —o-u,)i— (- —o-uy)j+ (o, — o, )k «—

Angular velocity is therefore defined as follows:

(1) Define W=?RT
¢

(2) Define ® to be the vector satisfying Wu=moxu Yu



Proof of the rigid body kinematics formulas

Provethat vz;-v,=ox(rz-ry)

By definition 13 -ry=R(pg-py)

d dR

Differentiate vz-vy=—@z-r9)=—@®@z-p4)
dt dt
Note that R (rg-r4)=(p3-p4)
dR 1

= Vp—-Vy =ER (rg—ry)

. dR
Recall spin tensor d—RT =W
t

Finally recall Wu = ® xu for any vector u

=V -V, =0x(rg—ry)

Prove that az—-aj =ax(rg—ry)+ox ["“ (rg —ry )]

Differentiate az—a, =%[v3 ~Vy)= t::} < (rg _",-1)"‘)-”5("3 -ry)

de
Recall ?Jzu di("ﬂ_"i):m:" (rg—ry) = ag-ag=ax(rg-ry)+oxfox(@z-ry))
X y y
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